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Abstract. For a Banach space X we define RUMD n (X) to be the infimum of all c > such that 

/ \ 1/2 

\AV ek = ±1 \\J2zk(M k - M k ^)\\ 2 L A < c\\M n \\ L x 

holds for all Walsh-Paley martingales {M k }"^ C with Mo = 0. We relate the asymptotic behaviour 
of the sequence {RUMD n (X)} c £L l to geomertrical properties of the Banach space X such as K-convexity 
and superreflexivity. 
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Introduction 

A Banach space X is said to be an UMD-space if for all 1 < p < oo there is a constant c p — c p (X) > 
such that 

n n 

sup ||5^e fc (M k -M fc _i)[[ £f < c p \\J2(M k - M k -x)\\ L x 

e*=±l ! ! 

for all n = 1,2, ... and all martingales {M k }^ C with values in X. It turns out that this definition is 
equivalent to the modified one if we replace " for all 1 < p < oo" by " for some 1 < p < oo" , and " for all 
martingales" by " for all Walsh-Paley-martingales" (see Q for a survey) . Motivated by these definitions we 
investigate Banach spaces X by means of the sequences {RUMD n (X)}^ =1 whereas RUMD n (X) :— inf c 
such that 

\ l/ 2 

AV ek=±1 \\Y^e k (M k -M k ^)\\lA < c\\M n \\ L x 

holds for all Walsh-Paley martingales {M k }% C L% with the starting point M = 0. " RUMD" stands 
for " random unconditional constants of martingale differences" . We consider " random" unconditional 
constants instead of the usual one, where sup e= _|_ 1 is taken in place of AV s —±i, since they naturally 
appear in the lower estimates we are interested in. These lower estimates are of course lower estimates 
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for the non-random case, too. The paper is organized in the following way. Using a technique of Maurey 
we show that the exponent 2 in the definition of RUMD n (X) can be replaced by any 1 < p < oo (see 
Theorem 2.4). Then we observe (see Theorem 3.5) 

X is not K-convex <^=> RUMD n (x) x n. 

In the case of superreflexive Banach spaces this turns into 

X is not superreflexive RUMD n {X) h n 1/2 , 

and, under the assumption X is of type 2, 

X is not superreflexive ■<=>• RUMD n (x) x n 1 ^ 2 

(see Theorems 4.3 and 4.4). Using an example due to Bourgain we see that the type 2 condition is 
necessary. In fact, for alll<p<2<<7<oo there is a superreflexive Banach space X of type p and 
cotype q such that RUMD n (X) x nr~i (see Corollary 5.4). According to a result of James a non- 
superreflexive Banach spaces X is characterized by the existence of large " James-trees" in the unit ball 
Bx of X. We can identify these trees with Walsh-Palcy martingales {Mk}o which only take values in the 
unit ball Bx and which satisfy inf w \\Mk(oj) — Mfe_i(w)|| > 9 for some fixed < 6 < 1. In this way we 
can additionally show that the martingales, which give the lower estimates of our random unconditional 
constants, are even James trees (see Theorems 3.5(2) and 4.3). 



1 Preliminaries 

The standard notation of the Banach space theory is used (cf. jl(j). Throughout this paper IK stands 
for the real or complex scalars. Bx is the closed unit ball of the Banach space X, C(X, Y) is the space 
of all linear and continuous operators from a Banach space X into a Banach space Y equipped with 
the usual operator norm. We consider martingales over the probability space [J7„,/i„] which is given 
by fl n :— {uj = (wi, u) n ) G { — 1,1}"} and fi n (u>) ■= ^ for all u> £ f2„. The minimal cr-algebras 
Tk, such that the coordinate functioinals u — (u>i, ui n ) — > uii G IK are measurable for i — l,...,fc, 
and J-q := {0,f2„} form a natural filtration {Tk} on fl n . A martingale {Mk}o with values in a Banach 
space X over [Cl n ,fi n ] with respect to this filtration {J-}q is called Walsh-Paley martingale. As usual 
we put dM := M ,dM k := M k - M k -i for k > 1 and M£(v) = sup <,< fe ||Mj(a;)[[. Given a function 
M G Lp(Q n ) we can set M k := E(M|J r fe ) for k = 0, ...,n. Consequently, for each M G L*({l n ) there is 
a unique Walsh-Paley martingale {Mfe}Q with M„ = M, In this paper we consider a further probability 
space [ID n ,P n ] with ID n = {e = (ei,...,e„) G { — 1,1}"} and P n {e) = ^ f° r au e S ^Dn- means 
that we take the expectation with respect to the product measure P n x ji n . To estimate the random 
unconditional constants of Walsh-Paley martingales from above we use the notion of the type. For 
1 < P < 2 an operator T G £{X, Y) is of type p if 

(v^Te.x^ <c^2\\x k \\ 

for some constant c > and all finite sequences {x k } C X. The infimum of all possible constants c > 
is denoted by T p (T). Considering the above inequality for sequences {xk} k=1 C X of a fixed length n 
only we obtain the corresponding constant T™(T) which can be defined for each operator T G C(X, Y). 
In the case T = Ix is the identity of a Banach space X we write T V (X) and T™(X) instead of T p (Ix) 
and Tp(Ix), and say "AT is of type p" in place of "Ix is of type p" (see JlTj for more information). 



/ c 
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2 Basic definition 



Let T £ £(X,Y) and 1 < q < oo. Then RUMD^(T) = inf c, where the infimum is taken over all c > 
such that 

/ n \ V« 

|^,j£e fc TdM fc (w)||«J < c(!E w ||Af„Hr) 1/9 

holds for all Walsh-Paley martingales {M k }y with values in X and Mo = 0. Especially, we set 
RUMD^(X) := RUMDl(Ix) for a Banach space X with the identity I X - It is clear that RUMD^(T) < 
2n||T|| since 

n n n 

\\^2e k TdM k \\ Lf <^2\\T\\\\dM k \\ Lf < ||T||^(||M fc || if + ||M fe _ 1 || if ) < 2n\\T\\\\M n \\ L , . 
11 i 

In the case X is an UMD-space we have sup n RUMD^(X) < oo whenever 1 < q < oo (the converse seems 
to be open), q — 1 yields a" singularity" since RUMD^(X) x RUMD^(JtC) x n for any Banach space X 
(see Corollary 5.2) therefore we restrict our consideration on 1 < q < oo. Here we show that the quantities 
RUMDl{T) are equivalent for 1 < q < oo. In g(Thm.4.1) it is stated that sup„ RUMD* (X) < oo iff 
sup n RUMDn(X) < oo for all 1 < q, r < oo. Using Lemma 2.2, which slightly extends jll|(Thm.ILl), we 
prove a more precise result in Theorem 2.4. 

Let us start with a general martingale transform. Assuming T±, ...,T„ £ C(X,Y) we define 

n 

( (> = (P(T 1 ,...,T n ):L^{n n )^Ll(n n ) by <f>(M)(u) := ^T fe dM fe (w), 

i 

where = ]E(M|.Ffc). The following duality is standard. 

Lemma 2.1 Let Kp < oo, Ti, ...,T„ £ £pf,Y) and = </>(Ti, ...,T„) : L* — ► L^. T/ien 

n 

<t>'(F)=J2UdF k for all F £ L^7 . 

l 

Proof. Using the known formula 

n 

< M, M' >=^2< dM k ,dM' k > (m £ L z s (fi B ), M' £ Iv(0„), 1< s < oo) , 
o 

for M £ Lp(Q n ) and F £ Iy'(fi n ) we obtain 

n n 

< M, 0'F > = < r fc dA/ fe , F >= < T k dM k , dF k > 
i i 

n n 

= ]T < dM k ,T' k dF k >=< M, T^dF fe > . □ 
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Now we recall @(Thm.II.l) in a more general form. Although the proof is the same we repeat some of 
the details for the convenience of the reader. 



Lemma 2.2 Let 1 < p < r < oo, T u T n e C{X, Y) and cf> = <£(Ti, T n ). Then 



1 = 1+1 

p r q 

Let {M k } 7 Q be a Walsh-Paley martingale in X with dMj ^ 0. We set 



Proof. We define 1 < g < oo and < a < 1 with ~ = i + i and 2 = 1 — a and obtain ag = (1 — a)r = p. 



*M k {u) := MjJ_ x (w) + flttpo<i<fc||dMiHII /° r fc ^ 1 

and obtain an -measurable random variable with 

< *Mi(cj) < ... < *M n (u)) and M fe *(w) < *M k (uj) < 3M k (u). 
Using [|ll| (L.II.B) and Doob's inequality we obtain 



[to)\\ p 



(k \ 1 /P 
l<fc<n ^ *Mf(LU) J 

* »p iiE^¥ir'V /r (^^rM) 1/9 

2r / \' /r 



< 



< ^11011,(^11 E^ir) 1/r (^^M) 1/9 - 

Applying H(L.II.A) in the situation || ^ dMi(w)|| < (*M ; (w) q ) 1/q yields 



such that 



t—j *M"{u>) l/a — 1 p 



||0(M)|| p < ^_^||0|| r (IE:M4^) 1/p <^— -^-ll^ll. (E^AC(^) P ) 1/P 

< rll<6lL||Af n || p . □ 



(r-l)(p-l) 
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We deduce 



Lemma 2.3 Let T u ...,T n : X -> Lj{ID n ) and cj> := <j>{T u T n ). For i = 1, ... , n assume that 
Ti(X) C{f:f = J2 n 1 e k y k , y k e Y}. Then 

J-U^L^-lJ'H < ||^:^-,L r L "|| <c pr ||0:^->L^|| 

/or 1 < p < r < oo ; where the constant c pr > is independent from X,Y,(Ti, ...,T n ) and n. 

Proof. The left-hand inequality follows from Lemma 2.2 and 

110 1 L ? "> V 11 £ (p-iXr-i) ^ 1 ^ ~* *+' I" ^ (p -i) (r - 1) 1'^ 1 L ? -+ L > II- 
The right-hand inequality is a consequence of Lemma 2.1, Lemma 2.2 and 

||0:L*^L r L "|| - -L?'|| 

■■L*->Lp r \\ 

<^ r. ' 1 1 J. . r -X 

where we use Kahane's inequality (cf. jlO) (II. I.e. 13)) in the last step. □ 

If we apply Lemma 2.3 in the situation T k x :— e k Tx and exploit 

RUMDl{T) < H^Ti, ...,T n ) : -> Lp"|| < 2RUMD p n (T) 

then we arrive at 

Theorem 2.4 Let 1 < p < r < oo and T e C(X,Y). Then 

—RUMD p n {T) < RUMD r n (T) < c pr RUMD p (T), 

Cp r 

where the constant c pr > is independent from X,Y ,T and n. 

The above consideration justifies 

RUMD n (T) := RUMD 2 n {T) for T E C{X, Y) 
and RUMD n (X) := RUMD n (L x ) for a Banach space X. 



6r' 2 


(p> 


- l)(r' 


-1) 




6r' 2 




(p> 


- l)(r' 


-1) 




6r' 2 




(p> 


- l)(r' 


-1) 
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3 K— convexity 



We show that RUMD n (X) x n if and only if X is not K-convex, that is, if and only if X uniformly 
contains l\. To do this some additional notation is required. For x\, x n £ X we set 

\x\ A ... A x n \ x := sup{\det((xi, a,j))™ j=1 \ : 01, ...,a n 6 

Furthermore, for fixed n we define the bijection 

i: {-l,l} n "> {!,... ,2"} 



as 



i(u;J = i(u>i, ...u) n ) := 1 H 1 2 - 



1 " ^1 n-l 



2 2 2 

and the corresponding sets Iq := {1, 2"}, I{ui\, u> n ) := {i(u>i, u) n )}, 

:= ...,w n ) : ^fc+i = ±1) —,Wn = ±1} IOT 

It is clear that 

/(wi, ...,a;jfe_i) = J(aii, ...jWfe-x, 1) U /(aii, -1) and 
Our first lemma is technical. 



k = 1, ...,n — 1. 



/ =/(l)U/(-l). 



Lemma 3.1 Let {M^Iq 6e a Walsh-Paley-martingale in X and let x k := M n (i^ 1 (k)) S X /or 
fc = 1,...,2™. Then, for all lu G {—1,1}" and 1 < fc < n , there exist natural numbers 

1 < r < Sq < T\ < Sl < ... < r k < Sfc < 2™ wi£/i 



|Jfo(w)A...AM»(w)| = Tj 



s - r + 1 



A ... A 



Sft - r fe + 1 



Proof. Let us fix G {—1, !}"■ Since Mi(lji, wj) = w;) Xi we nave f° r ' = 0; •••) n ~ L 



M;(cJl, ...,U)l) - ~Ml +1 (Wi, ...,Ul+i) = ^ 



E 



for Z = 0, ...,n- 1. It is clear that I(—ui), -w 2 ), /(wi, w 2 , — W3), — -a;*,), /(wi, 

are disjoint, such that we have 



\M ((j) A ... AM k (u)\ 



after some rearrangement. □ 



MoH - ^Mi(w) J A ... A f Af fc _i(o;) - -M k (ui) j l/,,u\: 



1 

2 17 



so — ro + 1 



A ... A ■ 



Sfe - r k + 1 



The second lemma, which is required, is a special case of M (Thm.1.1). 
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Lemma 3.2 Let u G C[l^,X) and let {ei, ...,e„} be the unit vector basis ofl^- Then 

\uei A ... A ue n \x < I — J 7t 2 (k)™, 
where ^(u) is i/ie absolutely 2-summing norm ofu. 

Now we apply Lemma 3.1 to a special Walsh-Paley-martingale {M^j-g with values in If" whose differences 
dM^iu) are closely related to a discret version of the Haar functions from Li [0,1]. For fixed n this 
martingale is given by 

A#(wi, := ej ((1Jl) ... )WB) and M\ := E(M^|^ fc ), 

where {ei, e2«} stands for the unit vector basis of l\ . 

Lemma 3.3 Let n > 1 be fixed. Then 

(1) \\Ml{u>)\\ = \\dMl(w)\\ = 1 for k = 0, ...n and all uj G O n , 

inf w E e || 5^ j EkdMfc(u)\\ > an for some a > independent from n. 

Proof. (1) is trivial. We consider (2). Lemma 3.1 implies 

^|/iA...A/„+i|,» +1 = \Mt{u)A...AM l n {u)\ lT 
for all uj G { — 1, 1}™, where {/i, / n +i} denotes the unit vector basis of We can continue to 

\ | fx A ... A /„ +1 1 .V" = | AfJ H A dM* (u>) A ... A dM x n (uj) | */" 

< ((n + l)||Af^(w)j| IdM^w) A ... A dM^(w)|) 1/n 

< cldM^w) A...AdM^(w)| 1/n . 

If we define the operator u u : 1% — ► if by — >£n)) '■— J2i £i^Af*(o;) and use Lemma 3.2, then we 

get 

/ i \ l/2n 

IdM^w) A ... A dA^M| 1/n < tt 2 (^). 
Since the ^ are uniformly of cotype 2 there is a constant ci > 0, independent from n, such that 

n 

tt 2 K) < ciE £ ||^£ fc dA4V)|| 
1 

(see [pL7[ , |12|| ) . Summerizing the above estimates yields 

n n 

|/i A ... A A+ilJfc < 2ce 1 / 2 n- 1 / 2 ci]E £ || £e fc dA^(w)|| < can" 1 / 2 !^ ^ e ^ M fe H II- 
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The known estimate /lA.-.A/n+il 1 /" 4 " 1 > ^-(n+1) 1 / 2 concludes the proof (see, for instance, ||(Ex.2.7)). 

□ 

Finally, we need the trivial 

Lemma 3.4 Let T e C{X,Y). Then RUMD n (T) < 2n 1 / 2 T 2 "(T). 

Proof. Using the type 2 inequality for each tu 6 f2„ and integrating yield for a martingale {M^jg 

(n \ V 2 / n \ V 2 

!E^||^ £fc TdAf fe M|| 2 J <T 2 "(T) (£||dAf fc ||»* J <2n 1 / 2 T 2 "(T)||Af n || i x.D 

Now we can prove 



Theorem 3.5 There exists an absolute constant a > smc/i £/ia£ /or any Banach space X the following 
assertions are equivalent. 

(1) X is not K-convex. 

(2) For all 9 > and all n = 1,2, ... there is a Walsh-Paley martingale {Af^,}g with values in Bx, 



an. 



inf inf \\dM k {uj)\\ > 1 - 6 and inf EJI V £ fc dM fe (w)|| > 

^ ^ 1 

f3j RUMD n (X) > cn /or n = 1,2, ... and some constant c = c(X) > 0. 



Proof. Taking a > from Lemma 3.3 the implication (1) => (2) follows. (2) =>• (3) is trivial. 
(3) => (1): Assumig X to be K-convex the space X must be of type p for some p > 1. Consequently, 
Lemma 3.4 implies 

RUMD n (X) < 2n l ' 2 T^{X) < 2n 1 l 2 n 1 / p - 1 l 2 T p {X) < 2n 1 / p T p (X).a 

Remark. One can also deduce (3) =>■ (1) from pj and Jill in a more direct way (we would obtain that 
I}™) is not K-convex). 

4 Superreflexivity 

A Banach space X is superrefLexive if each Banach space, which is finitely representable in X , is reflexive. 
We will see that RUMD n (X) > cn 1 / 2 whenever X is not superreflexive and that the exponent | is the 
best possible in general. This improves an observation of Aldous and Garling (proofs of [|)(Trim.3.2) 
and §(Prop.2)) which says that RUMD n (X) > cn 1 / 5 in the case X is of cotype s (2 < s < oo) and not 
superreflexive. 

We make use of the summation operators 

cr„ : if — > C and a '■ h — 'loo with {£ k } k — ► j^Z^j > 
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as well as of 

*:C[0,1]'— ►iootfO.l]) with fx ^ {t ^ n([0,t])} . 

The operators a n are an important tool in our situation. Assuming X to be not superreflexive, according 
to for all n = 1,2,... there are factorizations cr n = B n A n with A n : l\ — ► X, B n : X — > and 
sup„ ||A„||||B n || < 1 + 6> (0 > 0). It turns out that the image-martingale {M k }% C L§ of {M^} (rc is 
fixed, {Mj;} is defined in the previous section), which is given by Mk(oj) := A n M^(oj) (fc = l,...,n), 
possesses a large random unconditional constant. To see this we set 

:= ff„M^(w) (w G Q n ,k = 0, ...,n) 

and obtain a martingale {M£°}q with values in . For fc = 1, n it is easy to check that 

dM fc oo (o;i,...,^)=a; fc 2^"- 1 (0,...,0,l,2,3,...,2"- fe ,2"- fc -l,...,3,2,l,0,0,...,0) 

where the block (1, 2, 3, 2™~ fc ) is concentrated on I(u>i, ...,i>Jk-i, 1) and the block (2"~ fc — 1, 3, 2, 1, 0) 
is concentrated on I(u>i, ...,Uk-i, —1), that is, the vectors |dM£°(o;)| correspond to a discrete Schauder 
system in i^, . Furthermore, we have 

Lemma 4.1 Let n > 2 be a natural number and let {e^} be the standard basis of If . Then there exists 
a map e : { — 1,1}" ► {ei, } C if such that 

£t n jw : | < dAf£°(o;),e(w) > \ > ij > i /or fe = l,...,n. 

Proof. First we observe that 

inf{| <dM^(cj 1: ...,u Jk ),e l > : i G J(wi, w fc , -w fc )} = 2 fe - n_1 miii(2 n - fc - 1 + 1, 2"~ fc - 2"- fc - 1 ) > J 
for 1 < fc < n. Then we use the fact that 

# (n?supp dM£°(w)) = 1 for all cj G {-1, 1}™ 

to define e(tu) as the i-th unit vector, in the case if 

{*} = r^supp dM™(iu) c nj/(wi, ...,w fc _i). 

For 1 < H ti - 2 we obtain 

A1 „{ w: |<dAf fc 00 H, e H>|>i} 

> /i„ {(wi, ...,w n ) : | < dM%°(uJi, ...,uj k ),e(uJi, ...,co n ) > \ > |, cj fc+i = 

> /i„ {(wi, ...,w„) : inf {| < dM%°(u\, ...,w fc ),e l > | : i G 7(wi, ...,w fe+ i)} > j, = -uj k ) 
= /i n {w fe+ i = -w fe } = |. 

Since | < dM%°(b)), e(u>) > \ > \ for all u> in the cases fc = n — 1 and k — n the proof is complete. □ 
We deduce 
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Lemma 4.2 Let n > 1 be fixed. Then 

(1) \\M^(uj)\\ = 1 and \\dMf°{uj)\\ = \ for k = 0,...,n, I = l,...,n, and all uj G fi„, 

(2) [i n {lu : IE e || X)i £ kdMj?{uj)\\ > an 1 / 2 } > /3 for some a,(3 > independent from n. 

Remark. An inequality E e || J^™ £fcdM£° (w)|| > an 1 / 2 can not hold for all u> G 0„ since, for example, 

n n n 

||^^M fe °°(l,l,...,l)|| < || 2^(1,1,..., 1)|| < ||^||||^rf^(l,l,...,l)|| < 2 
i i i 

Proof of Lemma 4.2. Assertion (1) is trivial. We prove (2). For t > we consider 

M „ jw : E £ ||f]e fe dMrH|| C > in^j > M „ jw : ||E £ | £ e fc dM£»| ||,£ > tn 1 / 2 j 

> ^L:i||^|dM fc ~H|^ | 

= M n|o;:||^|dM fe -(a;)| 2 || c >c^ 2 n|. 
Denoting the last mentioned expression by pt the previous lemma yields 

n 

p t n+(l-p t )c 2 t 2 n > E^H^I^HI 2 !! 

1 

n 

> E w <^|dM fc °°H| 2 , e H > 
1 

n 

= E w ^|<dMrH,eH>| 2 
l 

E^M{^:|<rfMrH,eM>| 2 >^| 



> in 1 / 2 



> 



> JL 

- 32 



such that p t > '*_Jg for c 2 t 2 < 1. □ 
Lemmas 3.2 and 4.2 imply 



Theorem 4.3 There are a, (3 > smc/i t/iat /or non-superreflexive Banach spaces X , for all 6 > 0, 
and for all n = 1,2, ... i/iere exists a Walsh-Paley martingale {M^}q wrei/i values in E>x, 

inf inf UdMfcHU > 1 and ^ |w : E £ || V) £fc dM fc H|| > an 1 / 2 \ > (3. 

l<k<n to Z[i-\-U) [ — j—' I 
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Proof. We choose factorizations <j n = B n A n with A n :lf n ~^X, B n : X — ► l 2 ^ , ||A n || < 1 and ||-B„|| < 
l+min(l,0) (see §(Thm.4)). Defining M k {io) := A„M fe 1 (w) g X we obtain sup < fc <„^ en?i ||M k (w)|| < 1 
from Lemma 3.3 as well as inf i<fc< n ,o>en„ ||dAffc(w)|| > 2 (i+e) an( ^ 



II 



/2 



> M „ J u : E 8 || £e fc <iM^(w)[[,j» > an 1 ' 2 \ > [3 



according to Lemma 4.2. □ 

For Banach spaces of type 2 we get 



Theorem 4.4 For any Banach space X of type 2 the following assertions are equivalent. 

(1) X is not superrefiexive. 

(2) in 1 / 2 < RUMD n (X) < en 1 ! 2 for n = 1, 2, ... and some c> 0. 

(3) 1-n 1 / 2 < RUMD n (X) for n = 1, 2, ... and some c' > 0. 



Proof .(1) => (2) follows from Theorem 4.3 and Lemma 3.4. (3) =4> (1). We assume X to be superrefiexive 
and find (§§, cf.@(Thml.2,Prop.l.2)) 7>0and2<s<cx) such that 

v l/s 

Y,W dM ^'k) <7Sup||A4|| L , 
for all martingales in X. This martingale cotype implies 



k 



(n \ 1 / 2 / n \ l / 2 

E^||Ee fc dM fc H|| 2 I < T 2 (X) ( E w ^||dM fc (u;)|| 2 j 

which contradicts RUMD n (X) > i?i 1/2 .n 



Remark. Corollary 5.4 will demonstrate that the asymptotic behaviour of RUMD n (X) can not charac- 
terize the supcrreflexivity of X in the case that X is of type p with p < 2. Namely, according to Theorem 
5.4 for alll<p<2<<7<oo there is a superrefiexive Banach space X of type p and of cotype q with 
RUMD n (X) x rjp~9. On the other hand, if ± - ± > | then we can find a non-superreflexive Banach 

space Y such that RUMD n (Y) x np~ 5 (add a non-superreflexive Banach space of type 2 to X). 



Finally, we deduce the random unconditional constants of the summation operators er n , a, and $ defined 
in the beginning of this section. To this end we need the type 2 property of these operators. From 
and U or |l6) as well as JTsI we know the much stronger results, that cr and the usual summation 
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operator from L\[0, 1] into Loo[0, 1] can be factorized through a type 2 space. We want to present a very 
simple argument for the type 2 property of the operator $ which can be extended to some other " integral 
operators" from C[0, 1]' into Zoo([0, 1]). 

Lemma 4.5 The operator $ : C[0, 1]' -> Z oo ([0, 1]) is o/ type 2 toitft T 2 ($) < 2. 

Proof. First we deduce the type 2 inequality for Dirac-measures. Let Ai,...,A n € K, ti,...,t n S [0,1], 
whereas we assume < tk x = ■■■ = ti x < tk 2 = ... = i; 2 < ... < tk M = ■■■ = U M < 1, and let d tl , ■■■,St n the 
corresponding Dirac-measures. Then, using Doob's inequality, we obtain 

(n \ V 2 / m / h \ \ i/ 2 

= (e 6 sup lEfE^^Vl 



^ 2 (^ie(e-a)i 2 ) 



1/2 



Hence 



/ n \ 1/2 

2 (l>i a ) 



V2 / „ X 1/2 



E e ||]>> £ A-M 2 <2 EHV: 



'ill 2 



In the next step for any (i e C[0, 1]' we find a sequence of point measures (finite sums of Dirac-measures) 
{M m }m=i C C[0, 1]' such that sup m || M m || < || M || and lim m ^ m ([0, i]) = MIM) for all f e [0,1] (take, 
for example, [i m := X)^Ti Si^K 1 ™) with A™ : = [0, ^r] and J™ := for i > 1). Now, assuming 

Hi, ...,Hn £ C[0, 1]' we choose for each ^ a sequence {^Im^i or " P om t measures in the above way and 
obtain 

/ \V2 / „ xl/2 

\JE £ \\J2* S M\\ 2 ) = f]E e sup|^e^([0,i])| 2 j 

/ „ xV2 

= f]E £ suplim|^e^([0,t])| 2 j 

/ n \ V2 

< limsup f E £ sup|^ £j ^ m ([0,t])| 2 J . 
Using the type 2 inequality for Dirac measures and an extreme point argument we may continue to 

(n \ I/ 2 / n \ I/ 2 / n \ I/ 2 

E e ||£*^IN < 2 limsup ( £ ||^|| 2 J < 2 ( £ ll^fj .□ 
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As a consequence we obtain 



Theorem 4.6 There is an absolute constant c > such that for all n = 1,2, ... 

-n 1/2 < RUMD n {a n ) < RUMD n (a) < RUMD n ($) < cn 1/2 . 



Proof. \n x l 2 < RUMD n (a n ) is a consequence of Lemma 3.3 and 4.2. RUMD n (a n ) < RUMD n (a) < 
RUMD n {<&) is trivial. Finally, Lemma 4.5 and Lemma 3.4 imply RUMD n (§) < 4n 1 / 2 .D 

Corollary 4.7 There is an absolute constant c > such that for all n — 1,2, ... 

/ n \ V 2 / n \ V2 

-n 1 / 2 < (]E £ , w ||^e fc dM-H|| 2 J = f E e ,J ^e^M^ (w)| || 2 J < cn 1 ' 2 . 
Proof. This immediately follows from Lemma 4.2, Theorem 4.6, and dM^(u) = ujk\dM£°(u))\.n 



5 An example 

We consider an example of Bourgain to demonstrate that for all < a < 1 there is a superreflexive 
Banach space X with RUMD n (X) x n a . Moreover, the general principle of this construction allows us 
to show that RUMD^M) x n mentioned in section 2 of this paper. 

The definitions concerning upper p- and lower-q estimates of a Banach space as well as the modulus of 
convexity and smoothness, which we will use here, can be found in M. 



Let us start with a Banach space X and let us consider the function space Xn n :— {/ : fl n — » X} 
equipped with some norm || || = || \\x Qn ■ For a fixed / € Xn n we define 

Mf-.n n ^Xn n by M* \u) := f u 

where f u (u') := f(tuoj') (luuj' := (u)iw[, u) n w' n ) for u = (o>i, w„) and u' — (u>[, u)' n )). Setting 
Mjf := W^{Ml\Tk) we obtain a martingale {M^}^ =0 with values in Xu n generated by the function 
/ £ Xq u . Furthermore, putting /„ := /, 

f k (u>) :=E(/|J r fe )(w) = -■ /"(^t'-f^'^fe+i'-'^n). 

dffe := fk - fk-i for fc > 1, and df = /o, it yields 

n \ n 

^aferf/fc ] — ^ ctkdMj[(ijj) for all u 6 fi„ and all ao,...,Q„eK. 
o / w 

The following lemma is now evident. 



13 



Lemma 5.1 Let f G Xn n and let {-M^}q be the corresponding martingale. If\\ | = || \\x n is translation 
invariant then \\ Y^q a kdM[(u>)\\ = || Y^o a kdfk\\ for all u> G f2 n and all cto, a n G K. 

First we deduce 

Corollary 5.2 There exists c > such that f < RUMD*(JK) < RUMD^X) < cn for all n = 1,2, ... 
and all Banach spaces X. 

Proof. We consider Kn n with ||/|| := ^ w |/(w)| such that Kfj n = li(Q n ). Defining / G h(fl n ) as 
/ := X{(i,...,i)} it follows that f u — X{ui}- It is clear that the isometry I : h(fl n ) — > if with J/ w := e^ w ) 
( e i(cj) is the z(w)-th unit vector where is defined as in section 3 of this paper) transforms the martingale 
{M[} into the martingale {M^} from section 3 by IM£(u>) = M^(cj) for all w £ Cl n . Combining Lemma 
5.1 and Lemma 3.3 yields 

n 

inflE e ||^e fc (f fe || il(fin ) > an and ||/ - fo\\ h (n n ) < 2. 
i 

Consequently, RUMD^X) > RUMD^K) > |n. On the other hand we have RUMD x n {X) < 2n in 
general. □ 

Now, we treat Bourgain's example Q . 

Theorem 5.3 For all 1 < p < q < oo and n G IN i/iere exists a function lattice X^™ = Kf2 2 „ swc/i that 

(1) Xp™ has an upper p- and a lower q-estimate with the constant 1, 

(2) there exists a Walsh-Paley martingale {Mk}^ 1 with values in _Bx 2 ™ and 

2n 

inflE e || e k dM k {uj)\\ > c(2n)p~* 

LJ J 

1 

where c > is an absolute constant independent from p,q, and n. 

Proof. In H (Lemma 3) it is shown that there is a lattice norm || || = || ||]K n on Kfj 2n which satisfies 
(1), such that there exists a function (f> G Ksi 2ri with 

l^ll^e 1 -! ( £ = 2n-F) and ||(£|# fc | 2 J H ^ g 

(Lemma 4 and remarks below, e = 2n- 1 'P is taken from the proof of Lemma 4). Since || | is translation 
invariant Lemma 5.1 implies 

||M fc V)|| - WtWx^ < ||M*|| = U\\ < 4(2n)W 

and 
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In In In / 2n \ L > z 

E £ ||^ £fe dM^)||=lE E ||^ efe # fe ||>||]E £ |^ £fe # fe | || >-|| 5><fe| 2 II > gT-n 

V / 



As usual, in the following the phrase " the modulus of convexity (smoothness) of X is of power type r" 
stands for "there is some equivalent norm on X with the modulus of convexity (smoothness) of power 
type r". Now, similarly to Q we apply a standard procedure to the above finite-dimensional result. 

Corollary 5.4 (1) For alll<p<2<q<oo there is a Banach space X with the modulus of convexity 
of power type q and the modulus of smoothness of power type p, and a constant c > such that 

-n'~«<KUMDJX)<cn,'~« for n=l,2, ... 
c 

(2) There is a Banach space X with the modulus of convexity of power type q and the modulus of smooth- 
ness of power type p for alll<p<2<q< oo, and RUMD n (X) —> n ^oo oo. 



Proof. For sequences P = {p n } and Q = {q n } with 

1 < Pi < P2 < ■■■ < Pn < ■■■ < 2 < ... < q n < ... < q 2 < qi < oo 

we set Xpq :— ^ 2 Xp" qn and obtain that Xpq satisfies an upper pk- and a lower (^--estimate for all 
k. According to a result of Figiel and Johnson (cf. [[To) (II.l.f.10)) Xpq has the modulus of convexity 
of power type qu and the modulus of smoothness of power type pk for all k — 1,2,.... Furthermore, 
[0 (Theorem 2.2) implies 



sup wY.eiWh* < c Pk i^wmw^x 

El±l,...,E„±l , - \ , 2 



1 

_ J 



l\\L* 

_L 1_ 

for all martingales {Mi} with values in Xpq such that RUMD n (XpQ) < c Pk d qk n p k i k , On the other 
hand, from Theorem 5.3 we obtain 

c(2n)^-^ < RUMD 2n (X^ q J < RUMD 2n (X PQ ). 

Now, setting pk = p and qk = q we obtain (1). Choosing the sequences in the way that pk — >k— »oo 2, 
Qk -^k^oo 2, and n~~~ ~^n—>oo °° assertion (2) follows. □ 
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